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1 Background

The ROPP forward model aims to calculate profiles of refractivityN from profiles of pressurep,
temperatureT and humidityq for comparison with the observed refractivity measured during an
occultation as part of a data assimilation process. This is achieved in theropp_fm_refrac_1d
subroutine. The forward model used to assimilate bending angle is also dependent on first calculating
the refractivity profile which is used to derive bending angle using the Abel transform. This is achieved
in theropp_fm_bangle_1d subroutine.

A detailed description of the relationship between refractivity and atmospheric properties was pro-
vided by [4]. At microwave frequencies in the Earth’s atmosphere,N varies due to contributions from
the dry neutral atmosphere, water vapour, free electrons in the ionosphere and particulates.

N = 77.6
p

T
+ 3.73× 105 e

T 2
+ 4.03× 107 ne

f 2
+ 1.4W (1.1)

The first term is the dry neutral atmosphere contribution wherep is the atmospheric pressure in hPa
andT the temperature in Kelvin. The second term is the water vapour contribution wheree is the
partial water vapour pressure in hPa, which is a function of pressurep and specific humidityq as

e =
pq

εw + (1− εw)q
(1.2)

whereεw is the ratio of molecular weight of water to that of dry air (0.622). The third ionospheric
contribution results from free electrons in the ionosphere wherene is the electron number density
per cubic metre andf is the transmitter frequency in Hz. This term only becomes important above a
height of 60-90 km [4]. The final term results from scattering by particulates. This is dominated by
liquid water droplets and only this contribution is expressed in Equation 1.1 whereW is the liquid
water vapour content in grams per cubic metre.

Figure 1.1 illustrates the relative contribution of the terms in Equation 1.1 to the refractivity for a
sample atmospheric profile. The dry neutral atmosphere term clearly dominates, accounting for about
90% of the computed refractivity within the troposphere, where water vapour contributes 10%, and
almost 100% in the stratosphere. The ionospheric term is likely to dominate above about 60 km,
the top of the NWP model used in this case. Using a typical value for the electron densityne at
100 km altitude of 1010 m−3 [3], gives a value for the third term in Equation 1.1 of 0.16 (f=1.5 GHz),
several times greater than the dry neutral atmosphere term of about 0.01. In any case, the ionospheric
contribution to refractivity can be isolated and removed from the refractivity observations by using
information measured at two GPS transmitter frequencies [4]. The final term in Equation 1.1 can be
estimated using typical values for the liquid water content of between 0.2 gm−3 (293 K) and 0.04
gm−3 (253 K) [2]. This gives contributions to the refractivity of between 0.28 and 0.06, which is
small in comparison with the other neutral atmosphere terms over most of the region of interest.

For refractivity calculations in the troposphere and stratosphere, as required for assimilation of
GPSRO data into NWP for example, the following two-term approximation can therefore be used to
relate refractivity to atmospheric pressure, temperature and humidity [6].

N = 77.6
p

T
+ 3.73× 105 e

T 2
(1.3)
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Figure 1.1: Contribution of the dry neutral atmosphere (term 1, Equation 1.1) and water vapour
(term 2, Equation 1.1) to the refractivity profile computed for a sample atmosphere. Contributions
from free electrons in the ionosphere and liquid water are too small to be shown.

The refractivity formula adopted by the International Union of Geodesy and Geophysics (IUGG)
has been reviewed in recent years, given that accurate determination of refractivity is now critical for
precise measurements by technology such as GPS. Research conducted over the last few decades
was discussed by [5]. A revised 3-term expression using best average coefficients from previous
experiments relates refractivity to atmospheric parameters as

N = 77.6890
p

T
+ 3.75463× 105 e

T 2
− 6.3938

e

T
(1.4)

The first coefficient in this expression was recomputed from an experimental coefficient of 77.6848
valid for a dry atmosphere with 300 ppm content of CO2, to account for an increased carbon dioxide
content of 375 ppm anticipated in 2004 [5]. This expression is known to be applied in the operational
data assimilation systems at Environment Canada [1] and Météo-France (P Poli, pers comm.) and is
soon to be implemented in the operational assimilation system at the Met Office.

This document provides a summary of the sensitivity of refractivity calculations to the choice of
refractivity formulation implemented in the ROPP software.
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2 Results

2.1 Refractivity

Figure 2.1 illustrates the difference between refractivity values calculated using the formulations in
Equations 1.3 (2-term) and 1.4 (3-term) for a range of different pressure and specific humidity values.
The choice of refractivity formulation can lead to a difference of between 0.1 and 0.15% inN , with
the 3-term equation [5] providing larger refractivity values that the 2-term equation [6]. For a typical
refractivity value in the upper troposphere of 300, this equates to a difference inN of about 0.3.

Figure 2.1: Sensitivity of the refractivity calculation to the formulation for refractivity. (a) Vari-
ation of refractivity with pressurep and specific humidityq (constant temperature 300 K). (b)
Percentage difference between refractivity values computed using Equation 1.3 and Equation 1.4.

The impact of the refractivity formulation used in the ROPP forward model is illustrated in Fig-
ure 2.2 which shows the forward model refractivity computed for given model background atmo-
spheric profiles, along with the percentage difference between results obtained using Equations 1.3
(2-term) and 1.4 (3-term). As anticipated from Figure 2.1 the largest sensitivity to the refractivity for-
mulation occurs within the troposphere, where values ofN2=320.282 andN3=320.674 are computed
using Equations 1.3 and 1.4 respectively. The impact of using a different value for the first (dry neutral
atmosphere) coefficient is evident above an altitude of104 m where only the dry term contributes to
the refractivity. In this region, the 3-term formula (Equation 1.4) computes values which are 0.115%
greater than the 2-term formula.

The sensitivity of computed refractivity values in the forward model described here is of com-
parable magnitude to the sources of error in the observed refractivity values against which forward
modelled values are compared [4], particularly in the troposphere. For example, [4] estimated that
the percentage error in refractivity in the troposphere due to horizontal drift during an occultation is
about 0.05% and the percentage error due to horizontal gradients in the observed refractivity along
the occultation track is about 0.2%.

5



Lewis:Refractivity calculations in ROPP GRAS SAF Report 05

Figure 2.2:Sensitivity of the refractivity calculation to the formulation for refractivity for a given
set of model background pressure, temperature and specific humidity profiles. The percentage
difference profile shows the variation of 100(N3 − N2)/N2 as a function of height whereN2 is
the refractivity computed using Equation 1.3 andN3 is computed using Equation 1.4.

2.2 Bending angle

The bending angle values computed in the ROPP forward model are derived from the refractivity
profiles using the Abel transform. Figure 2.3 illustrates the sensitivity of bending angle values to the
choice of refractivity formulation for the same atmospheric profiles in Figure 2.2. The impact of the
refractivity formulation on bending angle values is more complicated than the impact on refractivity.
At higher altitudes within the dry neutral atmosphere, the change of first coefficient again leads to
a 0.115% difference in bending angle, preserving the differences in refractivity. At lower altitudes
the cumulative impact of changes in refractivity values within the Abel transform leads to irregular
changes in bending angle derived from the 2-term and 3-term expressions. In all cases, use of the
3-term refractivity formulation leads to larger bending angle values than the 2-term refractivity for-
mulation. The maximum percentage difference for the case shown in Figure 2.3 is 0.31% at an altitude
of 1181 m, corresponding to a difference in bending angle of 0.0046 degrees.

2.3 Summary

These tests indicate that the formulation used to compute refractivity from background atmospheric
profiles has a small but not insignificant impact on the resulting refractivity and bending angle profiles.
The sensitivity of these variables to the choice of refractivity formulation may be of comparable
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Figure 2.3: Sensitivity of bending angle values to the formulation for refractivity for a given
set of model background pressure, temperature and specific humidity profiles. The percentage
difference profile shows the variation of 100(α3 − α2)/α2 as a function of height whereα2 is the
bending angle derived from refractivity values computed using Equation 1.3 andα3 is derived
from refractivity values computed using Equation 1.4.

magnitude to other sources of error such as horizontal refractivity gradients along the ray during an
occultation.

The 3-term refractivity formulation in Equation 1.4 is based on much research over the last few
decades, attempts to account for changes in atmospheric composition over that time and is adopted
by the International Association of Geodesy [5]. It is therefore recommended that Equation 1.4, along
with the corresponding tangent linear and adjoint codes, is implemented by users for GPSRO pro-
cessing when provided in future releases of the ROPP software.
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