
GRAS SAF Report 07
Ref: SAF/GRAS/METO/REP/GSR/007
Web: www.grassaf.org
Date: 1 October 2008

GRAS SAF Report 07

Abel integral calculations in ROPP

Huw Lewis

Met Office, UK

c© 2008 GRAS SAF, DMI, Copenhagen



Document Signature Table

Name Function Date Signature
Prepared by: Huw Lewis ROPP Development Team 1 October 2008
Reviewed by: Stig Syndergaard GRAS SAF Team 7 October 2008
Approved by: Kent Lauritsen GRAS SAF Project Manager17 October 2008

Document Change Record

Issue/Revision Date By Description

Version 1.0 1 Oct 2008 HL First version

2



GRAS SAF Report 07 Lewis:Abel integral calculations in ROPP

Abstract

The ROPP pre-processor moduleropp_pp includes routines to perform an Abel transform to de-
rive a bending angle profile from model refractivity data and invert a corrected bending angle profile
to derive refractivity. This report describes the inverse Abel and forward Abel transform calculations
included within ROPP. The sensitivity ofropp_pp andropp_fm results to the choice of algorithm
used is discussed.
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1 Background

The bending angle can be derived from the refractive indexn by the Abel integral (Fjeldbo et al.,
1971; Melbourne et al., 1994; Kursinski et al., 1997).

α(a) =−2
∫ ∞

rt

dα =−2a
∫ ∞

rt

1√
r2n2−a2

d ln(n)
dr

dr

=−2a
∫ ∞

a

1√
x2−a2

d ln(n)
dx

dx .

(1.1)

The second expression is obtained by substitutingx = nr. The negative sign in Equation1.1 follows
the convention that bending towards the Earth’s surface is positive.

Equation1.1 can be inverted by the Abel transform, so that for a given corrected bending angle
profile α(a) the refractive index is expressed as,

n(r) = exp

[
1
π

∫ ∞

x

α(a)√
a2−x2

da

]
(1.2)

To reduce the influence of the infinite upper boundary condition on the inversion of a finite depth
bending angle profile, the corrected bending angle profile is extended above the highest measurement
impact parameter using a climatological profile (e.g.Hedin, 1991).

Both Equations1.1and1.2may be generalised as

f (z) = A
∫ ∞

z

g(y)
y2−z2dy (1.3)

where a profilef (z) can be derived from a profileg(y) wherez andy are known height scales andA
is a constant. For the forward Abel (Equation1.1), f (z)→ α(a), g(y)→ d ln(n)/dr, A→−2a. For
the inverse Abel (Equation1.2), f (z)→ lnn(r), g(y)→ α(a), A→ 1/π

The ropp_pp module includes algorithms to solve the forward Abel (Equation1.1) and inverse
Abel (Equation1.2). Two different algorithms to solve the Abel integral have been tested as part of
the development of theropp_pp module. In both cases the algorithms solve the generalised Abel
integral (Equation1.3) by assuming that variableg(y) can be approximated as a known function of
y between successive observation levels, for which an analytical solution to the Abel integral can be
found. Equations1.1 and 1.2 are then solved by summing contributions from the solutions to the
known sub-integrals for each observation level.

A forward Abel transform operator developed by the GRAS SAF is currently used as part of the for-
ward model moduleropp_fm included in ROPP (ropp_fm_abel ) for the calculation of bending
angle profiles from refractivity derived from background data. This routine has now been implemented
in the ropp_pp module together with its inverse. It is assumed that profiles vary exponentially as a
function of height between data levels, so that the Abel integral is approximated in terms of the error
function. This approach is referred to as the ’exponential’ algorithm in this report.
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An alternative algorithm was developed by Michael Gorbunov (whilst a visiting scientist with the
GRAS SAF). It is assumed that profiles vary linearly between data levels, so that the Abel integral
can be solved analytically. This approach is referred to as the ’linear’ algorithm in this report.

1.1 ’Exponential’ algorithms

1.1.1 Forward Abel ropp_pp_abel_exp

Equation1.1 is simplified by approximating

d ln(n)
dx

≈ 10−6dN
dx

which is valid because the refractivity is small, and
√

x2−a2≈
√

2a(x−a)

This is valid because the refractivity scale height is small compared to the radius of the Earth. This
gives

α(a) =−
√

2a10−6
∫ ∞

a

dN/dx√
x−a

dx (1.4)

Assuming that refractivity varies exponentially withx = nr between observation levels leads to an
estimate for the refractivity gradient between thej and j +1 levels,

N = Nj exp(−k j(x−x j)) (1.5)

dN
dx

=−k jNj exp(−k j(x−x j)) (1.6)

with

k j =
ln(Nj/Nj+1)
(x j+1−x j)

(1.7)

The value ofk j is required to be positive, so a minimum positive value ofkmin
j = 10−6 is assumed.

Substituting Equation1.6 into 1.13leads to an expression for the bending between thej and j +1
levels,

∆α j = 10−6k jNj exp(k j(x j −a))
√

2a
∫ x j+1

x j

exp(−k j(x−a))
(x−a)1/2

dx (1.8)

The lowest usable level to compute bending angle is defined as that level where the impact pa-
rameter first decreases with decreasing height towards the surface. This will occur in conditions of
super-refraction.

By change of variables,t = (k j(x−a))1/2,

∆α j = 10−6
√

2πakjNj exp(k j(x j −a))
[
erf

(√
k j(x j+1−a)

)
−erf

(√
k j(x j −a)

)]
(1.9)

5



Lewis:Abel integral calculations in ROPP GRAS SAF Report 07

where the error functionerf is defined as

er f(x) =
2√
π

∫ x

0
e−t2

dt (1.10)

The error function terms are computed inropp_pp_abel_exp using a polynomial approximation
(Abramowitz and Stegun, 1965). Ray bending above the model top is accounted for by extrapolating
when j +1 is the top of the profile and evaluating

∆αtop = 10−6
√

2πakjNj exp(k j(x j −a))
[
1−erf

(√
k j(x j −a)

)]
(1.11)

The total bending angleαi at a certain impact parameterai is then found by summing contributions
calculated using Equation1.9betweenai and the top of the background profile.

αi =−2ai

n

∑
j=i

∆α j (1.12)

1.1.2 Inverse Abelropp_pp_invert_exp

Equation1.2 can be solved in a similar manner. Assuming that bending angle varies exponentially
with a between observation levels gives,

α = α j exp(−kα j (a−a j)) (1.13)

with

kα j =
lnα j/α j+1

(a j+1−a j)
(1.14)

By substituting Equation1.13 into Equation1.2 leads to an expression for the change in refractive
index between thej and j +1 levels,

∆(lnn) j =
1√
2xπ

α j exp(kα j (a j −x))
∫ a j+1

a j

exp(−kα j (a−x))

(a−x)1/2
da (1.15)

Finally by change of variables,t = (kα j (a−x))1/2,

∆(lnn) j =
1√

2πxkα j

α j exp(kα j (a j −x))
[
erf

(√
kα j (a j+1−x)

)
−erf

(√
kα j (a j −x)

)]
(1.16)

The refractive indexni at a certain impact parameterai is then found by summing contributions
calculated using Equation1.16betweenai and the top of the background profile.

ni = exp

[
1
π

n

∑
j=i

∆(lnn) j

]
(1.17)
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1.2 ’Linear’ algorithms

Assuming thatα(a) varies linearly between observation levels,

α(x) =
x−a j

a j+1−a j
α j+1 +

a j+1−x

a j+1−a j
α j (1.18)

leads to an expression for the Abel transform

lnn(r) =
n

∑
j=1

∫ a j+1

a j

A(x,a)
[

x−a j

a j+1−a j
α j+1 +

a j+1−x

a j+1−a j
α j

]
dx (1.19)

with

A(x,a) =− 1

π(x2−a2)1/2
(1.20)

The integral in Equation1.19can be solved analytically. Defining∆a j = a j+1−a j ,

α j+1

∆a j

∫ a j+1

a j

A(x,a)(x−a j)dx=−α j+1

π∆a j




√
a2

j+1−a2−
√

a j
2−a2−a j ln


a j+1 +

√
a2

j+1−a2

a j +
√

a2
j −a2







(1.21)

α j

∆a j

∫ a j+1

a j

A(x,a)(a j+1−x)dx=− α j

π∆a j




√
a2

j+1−a2−
√

a j
2−a2−a j+1 ln


a j+1 +

√
a2

j+1−a2

a j +
√

a2
j −a2







(1.22)

These expressions can be combined to give the change in refractive index between the j and j+1
levels. The refractive index at an impact parameterai is then given by the sum of contributions due to
the change in refractive index fromj = i to the top of the atmosphere.

ni = exp

[
1
π

n

∑
j=i

∆(lnn) j

]
(1.23)

where

∆(lnn) j = (1.24)

1
π∆a j

[
(
α ja j+1−α j+1a j

)
ln

(
a j+1+

√
a2

j+1−a2

a j+
√

a2
j−a2

)
+

(
α j+1−α j

)(√
a2

j+1−a2−√
a j

2−a2
)]

The infinite upper boundary condition may be accounted for by adding a further correction term to
the summation of refractive index contributions.

∆(lnn)top =
αtop√

πh′
exp

(
atop−abot

h

)[
1−erf

(√
atop−abot

h

)]
(1.25)

whereh′ = (atop+abot)/h andh is a scale height, computed ash =−∆a/∆(lnα) with differences in
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impact parameter andlnα estimated across the upper part of the input bending angle profile.

The equivalent analysis can be applied to the Abel transform, assuming thatd ln(n)/dx varies lin-
early between observation levels. To derive the corresponding solution to Equation1.1for the bending
angleαi at impact parameterai can be written as a sum of contributions due to change in bending
angle∆α j from j = i to the top of the atmosphere. The bending angle contributions at each levelj
can be expressed in terms of observation impact parameters and the observed gradient of refractive
indexd ln(n)/dx at levelsj +1 and j.

αi =−2ai

n

∑
j=i

∆α j (1.26)

where

∆(α) j = (1.27)

1
∆a j

[
(
dln ja j+1−dln j+1a j

)
ln

(
a j+1+

√
a2

j+1−a2

a j+
√

a2
j−a2

)
+

(
dln j+1−dln j

)(√
a2

j+1−a2−√
a j

2−a2
)]

The correction term for the infinite upper boundary condition is

∆(α)top =
dlntopπ√

h′
exp

(
atop−abot

h

)[
1−erf

(√
atop−abot

h

)]
(1.28)

whereh′ = (atop+abot)/h andh is a scale height, computed ash =−(∆a)N/∆N.

Note that in contrast to the exponential assumption algorithms, the linear algorithms are designed
to compute output (bending angle or refractivity) profiles on the same impact parameter levels as
the input (refractivity or bending angle) profile. The exponential algorithm enables profiles to be
computed on a different set of output impact parameters if required. This is utilised in the ROPP
forward model for example, where bending angle profiles on observation impact parameter levels are
directly computed from refractivity values defined on model background levels. At present, the result
of the linear algorithm must be interpolated onto a different set of impact parameter levels if required.
Further development work may be required to enable the linear algorithm to be used in a more flexible
way.
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2 Abel integral results

2.1 Difference between ’linear’ and ’exponential’ algorithms

Figure2.1shows the sensitivity of bending angle profiles computed from sample refractivity profiles
to calculation using the ’exponential’ and ’linear’ forward Abel transform algorithms. Note that no
quality checks were performed in selecting the sample profiles, so some unphysical profiles are also
processed. In most cases relative differences of less than 0.1% in bending angle up to 40 km occurs
between the different algorithms. This results from errors in the assumption of linear and exponential
change of refractivity with between observation levels used to compute the bending angle profiles.
Some input refractivity profiles in Figure2.1 demonstrate more complicated structures and the rela-
tive differences between the results of the two algorithms are much larger. Towards the top of each
profile, relative errors increase up to a maximum of about 15% (≈ 107 rad). This results from different
methods to account for ray bending above the top of the observed profile.

Equivalent profiles in Figure2.2 illustrate the sensitivity of refractivity profiles computed from the
same sample bending angl profiles to calculation using the ’exponential’ and ’linear’ inverse Abel
algorithms. The relative errors in refractivity resulting from the different algorithms are typically a
factor of 10 smaller than for bending angle.

2.2 Consistency of forward Abel and inverse Abel routines

Figures2.3 and2.4 illustrate the errors in incurred in processing refractivity and bending angle data
using the forward Abel and inverse Abel routines. In Figure2.3 a series of computed bending angle
profiles are compared with input observed data. The computed profiles result from running the inverse
Abel on the input bending angles to obtain a refractivity profile and then performing the forward
Abel transform back to bending angle. Results using the ’linear’ and the ’exponential’ algorithms
are plotted. Similarly, Figure2.4 compares observed refractivity data with the result of applying the
forward Abel and inverse Abel on those profiles. In both case, errors are generally very small (≈
0.1%) for standard profiles up to about 30 km. Differences increase with height further aloft. The
’exponential’ algorithms lead to larger differences at lower altitudes than the ’linear’ algorithms.

2.3 Sensitivity of ionospheric correction results

The inverse Abel and forward Abel transform are used inropp_pp as part of the ionospheric correc-
tion of L1 and L2 channel bending angles to corrected bending angle and subsequent calculation of
refractivity. The ionospheric correction method is described byGorbunov(2002). The method aims
to combine measured and climataological bending angle data and reduce noise by the application of
statistical optimization. The forward Abel transform is used to retrieve a model bending angle pro-
file from MSIS refractivity data. The inverse Abel is used to compute a refractivity profile from the
corrected bending angles.
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Figure2.5demonstrates the level of agreement between the ionospheric correction processing con-
ducted usingropp_pp routines with the near-real time (NRT) refractivity products derived by the
GRAS SAF using pre-existing software. The corrected refractivity profiles agree to within rounding
errors when using the ROPP implementation of the ’linear’ Abel integral algorithms. Figure2.6shows
the difference between the NRT products and ROPP processed refractivity data computed using the
’expoential’ Abel integral algorithms. This summarises the sensitivity of profiles to the method of
computing the Abel integral. Differences in corrected refractivity increase with height up to a maxi-
mum of about 0.5%. Figure2.7shows that most of the difference between processing with the ’expo-
nential’ and ’linear’ algorithms results from the inverse Abel of corrected bending angles. There is a
small sensitivity in the ionospheric corrected bending angle profile resulting from the combination of
L1 and L2 bending angles with model bending angle data (retrieved from model refractivity using a
forward Abel transform) above about 50 km. The relatively small differences in corrected refractivity
compared with the results shown in Figures2.1and2.2can be attributed to theropp_pp processing
being applied on a standard grid, with model data contributing above the observed profile top height.
This extends the depth of the bending angle profile used in the inverse Abel to retrieve refractivity for
example, reducing the impact of sensitivity towards the profile top on results in the height range of
interest.

2.4 Sensitivity of forward model results

Both the ’exponential’ and ’linear’ Abel transform algorithms have been applied to retrieve bending
angle profiles from background pressure, humidity and temperature data in theropp_fm module.
The ROPP forward model first computes a refractivity profile from the background data before an
Abel transform is applied to give bending angle. Figures2.8 and2.9 show the difference between
observed and calculated bending angle profiles using each algorithm. Small scale differences in the
O-B bias at low levels in Figure2.8can be attributed to the interpolation of bending angles computed
using the ’linear’ algorithm. At altitudes in excess of about 10 km, the ’linear’ algorithm results
have a larger negative bias against the observations than achieved using the ’exponential’ algorithm.
This is because the vertical resolution of the model data used to compute the refractivity profile
in the forward model increases with height, from a few metres towards the surface up to several
kilometres at the model top. At an altitude of 10 km for example, the resolution of the Met Office
model data used in Figure2.8 is about 1 km and the ECMWF model data used in Figure2.9 is about
400 m. The assumption thatln(n) varies linearly between model levels above this altitude becomes
less representative, while the exponential assumption is more appropriate. The broader vertical model
level resolution for the Met Office model than ECMWF explains why the results of the exponential
and linear algorithms differ more for the comparison in Figure2.8 than in Figure??. The standard
deviation of differences about the mean is very similar for both algorithms.

These results suggest that the ’exponential’ algorithm provided in theropp_fm module is more
appropriate for NWP applications. This is because the assumption that refractivity varies linearly with
height is less appropriate as the height interval between impact parameter levels increases. As such,
the ’linear’ algorithm is suitable for processing RO observations (inropp_pp ) for which the height
difference between successive impact parameters is about 100 m throughout the profile. The linear
approximation is less approprate for processing background model data (inropp_fm ) for which the
height difference between successive model levels varies between a few metres towards the surface to
several kilometres at the model top.
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Figure 2.1: Sample differences between bending angle profiles computed using ’linear’ (black)
’exponential’ (red) forward Abel transform algorithms.
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Figure 2.2: Sample differences between refractivity profiles computed using ’linear’ (black) ’ex-
ponential’ (red) inverse Abel algorithms.
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(a) (b)

Figure 2.3: Sample differences between observed bending angle profiles and the results of suc-
cessive Abel inversion to refractivity and forward Abel transform back to bending angle. (a)
’linear’ algorithms, (b)’exponential’ algorithms.
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(a) (b)

Figure 2.4: Sample differences between observed refractivity profiles and the results of succes-
sive Abel transform to bending angle and Abel inversion back to refractivity. (a) ’linear’ algo-
rithms, (b)’exponential’ algorithms.

14



GRAS SAF Report 07 Lewis:Abel integral calculations in ROPP

Figure 2.5: Difference between ionospheric corrected bending angle and refractivity profiles
computed using ROPP (’linear’ algorithm) and the NRT processing product from the GRAS SAF.
The bias between results from 50 sample profiles is plotted as a solid line, dotted lines indicate 1
standard deviation. Note the change of scale between (a) and (b).

Figure 2.6: Difference between ionospheric corrected bending angle and refractivity profiles
computed using ROPP (’exponential’ algorithm) and the NRT processing product from the GRAS
SAF. The bias between results from 50 sample profiles is plotted as a solid line, dotted lines
indicate 1 standard deviation. Note the change of scale from Figure2.5.
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Figure 2.7: Difference between ionospheric corrected bending angle and refractivity profiles
computed using ’linear’ and ’exponential’ (ROPP) Abel integral algorithms. The bias between
results from 50 sample profiles is plotted as a solid line, dotted lines indicate 1 standard deviation.
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Figure 2.8: Differences between observed bending angle and forward modelled background (O-
B). The bias between results from 1000 randomly selected GRAS sample profiles and co-located
Met Office model data is plotted as a solid line, dotted lines indicate 1 standard deviation. Results
in black use the ’exponential’ forward Abel transform, results in red use the ’linear’ algorithm.
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Figure 2.9: Differences between observed bending angle and forward modelled background (O-
B). The bias between results from 1000 randomly selected CHAMP sample profiles and co-
located ECMWF model data is plotted as a solid line, dotted lines indicate 1 standard deviation.
Results in black use the ’exponential’ forward Abel transform, results in red use the ’linear’
algorithm.
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3 Summary

These tests indicate that the performance of theropp_pp module for processing measured L1 and
L2 bending angles to corrected bending angle and refractivity profiles is equivalent to that currently
conducted by the GRAS SAF using pre-existing software. This is becauseropp_pp includes an
implementation of the ’linear’ Abel integral algorithms developed for the GRAS SAF NRT processing
(Gorbunov, 2002).

Theropp_pp module also includes some forward Abel transform and inverse Abel routines based
on the Abel integral solutions developed by the GRAS SAF for use in the ROPP forward model
(ropp_fm ). This ’exponential’ approach assumes exponential variation of bending angle orlnn be-
tween successive observation levels. Use of the ’exponential’ algorithms leads to a difference of up
to 0.5% in the corrected refractivity profiles compared with current NRT products generated by the
GRAS SAF. In the interests of consistency with the GRAS SAF processing, it is recommended that
users apply the ’linear’ Abel integral algorithms included inropp_pp for pre-processing. A con-
figuration option is provided inropp_pp so that users may choose to apply either method to data
processing. For further details refer to the ROPP User Guide (GRAS-SAF, 2008).

To achieve the best agreement between observations and forward modelled results, it is recom-
mended that users apply the ’exponential’ Abel integrals included inropp_fm for the forward mod-
elling of background data.

The results shown in Figures2.4 and2.3 demonstrate the limitations of the assumptions used in
both sets of algorithms, and of the sensitivity of calculations to the infinite upper boundary in the Abel
integral. The combination of observed data with model bending angles above the top of the observed
profile in theropp_pp processing routines limits the influence of this sensitivity on the resulting
corrected bending angle and refractivity profiles in the region of interest.

Further development work may be possible to refine the Abel integral algorithms included in future
versions of ROPP. In particular, development of the ’linear’ algorithm to compute bending angle
profiles on different output impact parameters is required for a more representative comparison of its
performance in the forward model.
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